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CHAPTER I 
INTRODUCTION AND BACKGROUND 


Let G be a group and R a ring with unity element lp- The group 


ring of R over G is denoted RG, and is the collection of all formal sums 


» Oo& 


geG 
where Op € R, and for all but a finite number of terms, to = OF 
Operations in the group ring are: 


ee de fe8 = 2, (gt 858 


geG 
and 
Q, 8 g®) (Ds 8 Bee) a d, Ye& where y, =, onBn-g: 


The element 0 = ye Pecetomeversdditive identaty and the element 1 = lpe 

is the Cn ies identity, where e is the identity of G. The 

collections of elements {lp*g:geGh and {a-e:aeR} are isomorphic to G and 

R respectively, and we freely consider, therefore, that RCRG and GC RG. 
Any element ae RG which has the special form a = ag, 

aeR, geG; is called a trivial element. Clearly G and RCRG are composed 

of trivial elements. A unit in RG is, as expected, an element u € RG for 

which pees exists an element a € RG such that uu~! = 1. A unit which 

is a trivial element is called a trivial unit. A unit of finite order 

k is an element satisfying ae =], and ud # 1 for every O<d<k. 


The question of the structure of units, and particularly of the 


Structure of units of finite order, in the group ring has evoked considerable 
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interest. Knowledge of the structure of the units of finite order in ZG, 
where G is a finite Abelian group and Z is the ring of rational integers, 
leads directly to solution of the group ring isomorphism problem for this 
class of group rings. In particular, it is shown by Higman (4), that 
since the only trivial units of finite order in 2G are tg, then ZG = ZH 
if and only if G = H. 

Most of the work to date has dealt with group rings RG in which R 
has been restricted to be either a field (usually an algebraic number 
field) or a ring of algebraic integers in an algebraic number field. 
Passman (6), for example, considers group algebras KG and shows that if 
G is not torsion free, and if |K| > 3, then KG has non-trivial units. 

A T.U.P. group (two-unique-product group) is one such that for 

any two finite non-empty subsets, A and B of G, with [A| D2 |B | > 2, there 

are at least two distinct elements x, y e G which have unique representations 
in the form x = ab; y = cd; with a, c ¢ A3 b, de B. 

Passman shows that if G is a T.U.P. group KG has only trivial units. 
Further, if G admits a strict linear ordering such that x < y implies that 
xz < YZ for all x, y, z € G, it is called an ordered group, and Passman 
proves that an ordered group is a T.U.P. group. 

Continuing, he also shows that every torsion free Abelian group can 
be ordered. Thus, he has demonstrated that a large class of groups exists 
for which the group algebra KG has only trivial units. Clearly, for this 
same class of groups, RG has only trivial units where RC K. 

Higman (4), in 1940, considered both units and units of finite 


order in group rings RG where R is an algebraic number field or its ring 
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of algebraic integers; in each case, of characteristic zero. For 

finite Abelian groups he showed that RG has only trivial units of finite 
order whenever R is a ring of algebraic integers, however even for ZG 

he showed the existence of non-trivial units unless G is the direct 
product off 

(1) s cyclic groups of order 2; and 

(2) either (a) m cyclic groups of order 3 (m > 0) or 

(b) n cyclic groups of order 4 (n > OQ). 

In the non-Abelian case he showed that if G* = G x <h> where h@ = e, 
and all the units in ZG are trivial, then all the units in ZG* are trivial. 
He also proved that for G the group of quarternions, all the units in 
ZG are trivial. 

Further results in the same paper include: If all the elements of 
a group G have finite order, then ZG has non-trivial units unless: 

(1) Gis an Abelian group, the orders of whose elements all divide 
four, Or 

(2) Gis an Abelian group, the orders of whose elements all divide 
Six, OF, 

(3) Gis the direct product of a quarternion group and an Abelian 
group, the orders of whose elements all divide two. 

Finally, he shows that if G is an infinite group which is indicable 
throughout, and R has no zero divisors, then RG has only trivial units. 
(A group is indicable throughout if for every non-trivial subgroup, there 
exists a homomorphism from the subgroup into Z whose image is not zero 


alone.) 
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Berman (1), in 1953, proved that the group ring ZC has non-trivial 
units of finite order unless G is Abelian or Hamiltonian of order a power 
of two. His work, then, in conjunction with Higman's results leads to 
this conclusion: If G is a finite group, neither Abelian nor Hamiltonian of 
order a power of two then RG has non-trivial units of finite order, where 
R is arbitrary of characteristic zero. 

In 1974, Gerald Losey (5), proved that if G is a finite group and 
ZG contains a non-trivial unit of finite order, then it contains infinitely 
many of them. An excellent survey of results on units in the group ring 
has been prepared by Keith Dennis (3). 

As can be seen, the major thrust of the work on units of finite 
order has thus far centered around the more familiar rings, and has explored 
the effect of the structures of various groups upon the problem. [In view 
of the work of Higman and Berman, it would seem profitable to explore 
necessary and sufficient conditions on the ring to assure that all units 
of finite order are trivial in the group ring, where the group under 
consideration is either Abelian or Hamiltonian of order a power of two. 

In this paper we restrict our consideration to the case of finite 
Abelian groups, but generalize the ring structure considerably; namely, 
we consider arbitrary integral domains of characteristic zero. Under 
these conditions on R and G we obtain necessary and sufficient conditions 
on the structure of R for RG to have only non-trivial units of finite 
order. This is the major result of Chapter II. 

In Chapter III, we examine those group rings known to contain units 
of finite order which are non-trivial. For arbitrary integral domains R 


we find an upper bound on the order of the group of units of finite order 





5 
in RG. When K is a field, we construct the generators of the group of 
units of finite order of KG, and exhibit the structure of this group 
of units. 

Appendix A contains results from the theory of group representations 
and group characters which are required in our proofs. Notation throughout 
is unavoidably cumbersome and an index of notation follows the Appendix. 

Lemmas and theorems are numbered consecutively within each chapter 
and the appendix in the form X.n where X is the chapter number and n is 
the sequence of the theorem or lemma in the chapter. Referenced equations 
are numbered in parentheses at the extreme right, consecutively within a 
chapter. Reference to equations outside the chapter of the citation will 


always cite the chapter. 





CHAP IERS DL 
GROUP RINGS, ALL OF WHOSE UNITS 
OF FINITE ORDER ARE TRIVIAL 
In this chapter, all rings are integral domains of characteristic 
zero, and all groups are Abelian with finite order. Let R be such a ring, 
G a group, and RG be the group ring of R over G. Let U(RG) be the group 
of units in RG, and TU(RG) be its torsion subgroup. An element of U(RG) 
is called trivial if it is of the form ag, where a ¢« U(R) and g eG. We 
will determine necessary and sufficient conditions on R for all elements 
of ITUCRG) to be trivial. 
Lemma 2.1: TU(RG) © TU(Q(A)G) where A is a (not necessarily finite) set 
of roots of unity. 
Proof: Let [G:1] = n and exponent of G =m. Let K be the quotient field 


for R. Since char R = char K = 0, QC K. Let & be a primitive nth root 
of unity. Then Q(z7)CK(zc), and since Q(z) is a splitting field for G, 
so is K(f). (See theorems A.13 and A.14 of Appendix A.) Hence we have 
an isomophism $6. 

@: K(S)G + K(z)® . . . @K(t) (n-copies) = K(z)”™ 
Let p60), sees ay be the n mutually inequivalent one-dimensional 
Q(t) representations of G. We may associate each representation pi) | 
with its character x4), (See the discussion preceding theorem A.13 
Appendix A.) We will denote the value of x) at 8; by eae Now an 


element a e€ RG is mapped by ® onto an n-tuple in K(zc)™, say $(a) = 


CEnpeIe Ss Bl)» Since RG C K(f)G. From the corollary to theorem A.15 


= 
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of Appendix A we may determine the By by the equation: 


n-1 
a, = Sie ee <jaen0, ..-, n=1) (1) 
j staal 
i=0 
or conversely given ¢$(a) = (Bo, ---; Sheen ye we may determine the 


coefficients aj from: 
=e (i) ios = 
a, = 1/n )) Bix, G) = Os sean ese, (2) 


Now let u e« TU(RG). Since the order of finite units is preserved 
under 6, and ¢(u) = (Bo> eee LL uk = 1, then (Bo> ene Mera =]. 
k 
Hence (Be, -++sB,_7) = 1 from which we see that 
gk = 1 (iON se, n—1) 
i 
and each 8; must be a root of unity. Applying this constraint on the 


permissible values for the 8; to equation (2) illustrates that each aj 


is a sum of products of roots of unity divided by an element of Z. 
Therefore we have shown that u € TU(RG) implies that u e TU(Q(6)G) for 
some root of unity 6. 

Clearly 6 is dependent upon the particular u e¢ TU(RG) under 
consideration. Let A = {6:éeR and 6J = 1 for some sp le, 
“Now since K is the quotient field for R, any root of unity is in K if and 
only if it is in R. Hence for any unit u ¢€ TU(RG) the root of unity 
for which u e TU(Q(6)G) is either in R or is ¢. In either case it is in A 


Thus u e¢ TU(Q(A)G). 


Let € be an arbitrary root of unity and G(Q(&)/Q) be the Galois 
group of Q(&) over Q. For o e« G(Q(E)/Q) we extend the operation of o 


to all of Q(E)G by letting o operate trivially on G and extending linearly. 


My 
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n-1] n-l 
at 
Die. Oyeomemel eC. 4 = y Os Bao oa) ‘y O(u;)8;- 
i=0 {= 
le 
Lemma 2.2: Let {G:1] =n, u = ), 58 ,¢ TU(RG), a, © R, B. 6G. Let 6 
oe 


be a primitive root of unity of minimal order Sven smelt Ue OG C., TF 
DODGE sdivisor of n is a unit in R, then the Norm from Q(6) to Ori aj 


N(a5), is a rational integer Oho, sare ale 


Proof: Consider an arbitrary but fixed a5 Byecquatiom (2): 


n-1 : 

(i) 

Ca 0 L/n¥. eee 
J izo 2 


Now by hypothes’ -, Oe Q(6) NM R and certainly A) e 0. . Consider the 


action of any o € G(Q(6)/Q on a: 


ie (i) 
o (a) = Lin) 9849x; 


Since Bie Q(é) and is in fact a power of 6, 08 e¢€ Z(6) and the same is true 


ey 


of Ox; " Let 


n-1 
ie =)' gyi) 
J j=9 725 


Then o(a,) =e 1/n ) oe) ennt(o) -and O{Y .) ée Z(6). Hence it is evident 


} 


cloale N(y,Je Z, say NCy,) JC pana sO it °G [6(@ (8) /0:1): 


Na) = | | oa, ) = s/h aes Oe fmecwandsso, ic/n =o 11.0 
6€G(Q(5) /Q) 
ree , c 7 hy 5 fi oes . e) = d and we 
It remains to show that c/n” ¢ Z. Suppose not. Then Caen d and w 
may write c/n°® = oan where Cea) = 1, and n®& = nod, and no? l. Then 
there exist s,te Z such that Soot 1s a 1, whence CES Ie + t= | Fae 


Now c/n ee Ge) (ae /0,;) Se tiie sI News: ¢ Zag Rewer lave bit. Gela 


There is a prime, p, dividing ae See ale ei, and we May Nae eae ame 
Then aly 115) = sparse ie contradicting the hypothesis that no prime 
TivtsOrerr 26 a unit in R. Consequently, eee lottlec/i = N(x; ) eZ us 


POG arc, 
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It is lemma 2,2 that allows Higman's theorem on trivial units of 
finite order to be extended to a much larger class of group rings (see 
Theorem 3 of Higman (4)). In fact, lemma 2,2 provides the means by 
which Higman's proof can be used intact. 
Theorem 2.3 Let R be an integral domain of characteristic zero, and G 
be an Abelian group of order n > 2. If any prime divisor of n is a unit 
in R then RG has non-trivial units of finite order. Conversely, if no 
prime divisor of n is a unit in R then RG has only trivial units of 
finite order. 
Proof: First, suppose n = 2k (k > 1). If 4 © R, there exist g, h; 
distinct elements of G. Then 

pada eg) = t= gh) 

is a unit of order 2 in RG. 

Tf n # 9k, by the Fundamental Theorem of Abelian Groups, 
eee, X ... x Cy pEeLe eacmeGy 15 CYCEiawol ‘onder a power of a prime 


divisor of n. Furthermore, for each p!n, there is some i such that C,; 


is of order a power of p, and C,; contains an element cj of order p. Then 


Pele 
1/p 2) cg" - pe;) is a unit of order 2p if p > 2, otherwise of 
j=0 


order 2.% 


Assume conversely that no prime divisor of the order of G is a unit 
n=l 


in R. Let u = a be a unit of finite order k in RG. By lemma 2.1 


there is a cyclotomic extension of Q, Q(&), containing each a; 


(i = 0, ..., n-l), and such that Q(E&) is a splitting field for G. 


*The two examples of non-trivial units do not depend upon the commutativity 
of the group. Thus this part of the theorem is also valid for non-Abelian 
groups. 





> 
7 
~~ Cc 
-_ = a] : : t, © 7 i 
>= a ae : 7 
| . “o- -* 
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10 
By lemma 2.2, for any a; # 0, N(a,) is a rational integer. The 
balance of the proof is due to Higman (4). 
Since u is a unit, some a4 # 0. For this j, since Ose Q(z), the 


absolute value function is well-defined. 


n-l 


n-l (i) 
Ja;| = }/a) Bx (ay) [<(/n) © [84x (g5)| = 1 (4) 
i=0 


and the same is true for each conjugate of a » (a, NENG © GOCE) 7/0). 


| | o(a.) = N(a,) 


s € G(O(E)/O) - 


The product 


and this product is a rational integer. Hence, in (4) we must have 


equality (ja, | = 1) and therefore 
~] 
Bx” (B,) = Bix” (B5) =... to (g,) = a, 
eCor — - 
So Bs = asx (g;) (i = O, ..., n-l) (5) 


Consider a, k # i. From equation (2) 


= (1/n) y B. ax! () and using (5): 


Oy (1/n) pons (8, yon (gL) 
T= 


n-l,;. ; 
(i) (i) 
(a5/n) x (8 5)Xx (21) = Ci ere.) 


= 0 (k = 0, ..., n-l; k # j) 
by the orthogonality relations on group characters (See Appendix A 
equation (7)). 


Hence u = 585 and is a trivial unit. 








ne ~ > wa ; re 
: - 
. 7 _ : 
_ > a | : . | 
u ; _ 
: <) 
a 
ee _F oe 7 - 7 
_ 7 7 
— ~~, 5 «6:7 ; 
Fr. * Ga | vee — 
; 7 7 | 7 . . 


Va 
Denote by e€: RG > R the augmentation map defined by 
n-1l n-l 

e(a) = CY 2583) = be 
Let Ker elucrc) V(RG). For R a commutative ring as in the present case, 
we obtain the decomposition 

U(RG) = V(RG) x U(R) 

In 1974 H. Zassenhaus (8) proved that if G is a finite group 
and R a commutative domain, then if no prime divisor of the order of 
G is a unit in R, the order of any torsion element of V(RG) is a divisor 


of the exponent of G. 


Senoulary to theorem 2.3: Under the hypotheses of the theorem, if no 
prime divisor of the order of G is a unit in R, then the torsion subgroup 
of V(RG) is isomorphic to G. 

Proof: Immediate from the theorem, since every element in TU(RG) is of 


the form ag where ae U(R). 


In the next chapter we will examine the structure of the torsion 
group of units of group algebras which have non-trivial elements. By a 
simple counting argument we shall also prove that all units of finite 
order when G has order 2 are trivial, thus including the one case 


excluded by the hypotheses of Theorem 2.3. 


L 





CHAPTER IIT 
THE STRUCTURE OF TU(RG) 


Again in this chapter, all rings are integral domains with 
characteristic zero, and all groups are Abelian of finite order. In 
chapter II we obtained a complete characterization of those group rings 
with only trivial units of finite order. Although this result greatly 
expands the class of group rings known to be so characterized, there 
remains a large class containing non-trivial units of finite order. In 
particular, all group algebras KG, where char K = 0, and G is finite 
Abelian, are in the latter class. 

In this chapter we shall examine the torsion subgroup of the group 
of units of group rings known to contain non-trivial elements. We shall 
examine the structure of TU(RG) itself, determine its order, and when 
R= K, a field, derive its generators. 

Information on the structure of TU(KG) is most readily determined 
from the decomposition of KG into a direct sum of fields. We recall that 

KG-= Keo. ... © 


0 


and that a unit of finite order in this decomposition has the form 


Ky-1 where d < [G:1], 
(Bo, «++, Bg.j) where each B; is a root of unity (i < d-l). Let us 
denote the isomorphism by: 

$3: KG > Ko @ eee @ Kg-1° 


Theorem 3.1: TU(®(KG)) is generated by the set of d-tuples 


12 
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(oqu')) = uy = C1, ..., By, 1, «--, Dt i= 0, ..., d-1, and each B; 
is a primitive root of unity of maximal order in Kao 


provided that K does not contain all roots of unity. 

Proof: By lemma 2.1 TU(KG) © TU(Q(A)) where A is the set of roots of unity 
contained in K. If A is a finite set, then there is a root of unity, n, 
such that Q(A) = Q(n). In the direct sum decomposition (KG), therefore, 
each K, contains a maximal cyclotomic extension of Q which is itself 
contained in Q(n). Let the roots of unity which generate that extension 

be denoted Eas i= 0, ..., d-l. Then every element of TU(4(KG)) is of 


the form 
cole 
No Nd-1 = | u A 
cE eeegy Sa-l ) ie 7 


It is clear that the set fale is independent. 


Corollary 1: If K contains only a finite number of roots of unity, then 


TU(KG) is isomorphic to a direct product of cyclic groups, Ory 8S Gee 28 Cpa 
where C. is of the same order as S: 


Proof: Obvious, since ar generates a cyclic group of the required order. 


d-1 
Corollary 2: Let k, be the order of &,. Then the order of TU(KG) is | lk. . 
i i i=0 i 


Corollary 3: Let G be a group of order 2. Then for any R, every u € TU(RG) 
is trivial. 

Proof: Let K be any field containing R, and let n be a primitive root 

of unity of order k, such that Q(n) is the maximal cyclotomic extension 

of Q contained in K. Since exp G = 2, Q is a splitting field for G, hence 
so is Q(n). Then KG = K @ K, and by corollary 2, the order of TU(KG) is 


si 


iy and ne 


k2, Now G = f{e, g} so the trivial units of finite order are n 


(1 = 0, ..., k-1). Hence there are exactly k* trivial units of finite order, 


exhausting the elements in TU(KG). 


= 
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Theorem 3.2: Let K be a field containing only finitely many roots of 
unity. Let G, and CG, be Abelian groups of order n. Let k be the order 


of the maximal root of unity which is an element of K. Then if 

exp G] = exp Gp < k, TU(KG,) = TU(KG). 

Proof: Since exp G, < k, it follows that K is a splitting field for G,. 
Then by Corollary 1 to Theorem 3.1, 


TU (KG, ) x Cy Maken C_73 TU (KG5) = Cry xX... X C',_} where the 


i 
C; and the Cy are each of order k. 
Hence, with an appropriate reindexing, C, = Cr. (i = 0, ..., n-1l) and 


TU(KG,) = TU (KG) - 


v 
It is quite clear that even for an arbitrary field K, TU(KG) can be 
studied by restricting our attention to the largest cyclotomic extension of 

Q contained in K. Similarly, for an arbitrary ring R, it is sufficient 
to study the largest cyclotomic extension of Q contained in its quotient 
field in order to bound the order of TU(RG). We shall therefore continue 

our study of the torsion subgroup of the group of units by restricting 
attention to group rings of cyclotomic extensions of Q (and appropriate 
subrings thereof) over G. 

While theorem 3.1 adequately describes the structure of TU(KG), 
it is clear that TU(KG) is unmaneageably large for even quite small 
groups. And unfortunately, theorem 3.1 tells us nothing of the form of 
an individual unit in TU(KG) as the more familiar formal sum. Our 
immediate purpose is to determine the form of the generators of TU(KG) 
as formal sums. 


Let ~ be a primitive mth root of unity where m is odd. Then if 


m is the exponent of G, Q(c) is the minimal splitting field for G. 
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Although Q(-z) is the same field as Q(z) and -¢ is a primitive 2mth root 
of unity, the values of the characters of G will take on only values 
which are mth roots of unity. Obviously the same difficulty does not 
prevail if the exponent of G is even. We can avoid consideration of 
special cases according to the value of the exponent of G, and at the 
same time consider other than minimal splitting fields by an appropriate 
adjustment of notation. We shall consistently use a small Greek letter 
(usually z) to denote a primitive root of unity of order the exponent of 
G, and a distinct Greek letter (usually n) to denote that primitive root 
of unity of maximal even order in K by which we extend Q. It is to be 
remembered, nonetheless, that so long as we consider splitting fields 
for G, ¢~ will always be some power of n. 
Theorem 3.3: Let K = Q(n) be any splitting field for G, an Abelian group 


of order n. Then the generators of TU(KG) are: 
QL We 
no £4 


“ p28) (i= 0, ..., n-1) (1) 


Proof: We identify the n linearly independent one-dimensional representations 


(0) yeaa!) 


0 
of G with their characters, x eueteie ss and agree that e ) is the 


trivial character. From equation (2) of Chapter II, the coefficient of 8 5 
n-1] , 


for an arbitrary a = yy 158; © KG is: 
i=0 
n-1l (r) 
aj = (1/n) )) Brx (85) (en 0. 8, B11) 
r=0 


Let u(t) be that generator of TU(KG) whose image under ¢ contains By = on 


h 


in the i° component, and contains By = 1 whenever k # i. Then the 


coefficient of Bj in ul) is: 


= 
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(i) 
a = (1/n) x) (g. ) + nx LD) (g ) 
J vo r#i J 
= (1/n) P<. os Ga) Te nx 6?) (8) 
r=0 
and so: 

a) (r) i) 

u(t) = dy [(1/n) Fx (g4) - x” (83) -n)} Jg,. 


Since by equation (3) of Appendix A, 


n-l @ 
yx (gs) = f (g5 # e) 
r=0 n (g; = e) 


wu) = (/n)(n - (1 -n)) + ai (1/n) (=x (24) (1-9) a, 


ae =] 


| ee 
1- (l-n)/n(a+ VP s,) &.) 
j= va 


Rt (4) 
iL = Gl = shin = GL = yin. Saar 
j=l : 


Since x1) (2) = 1, we have: 
yA) =l-(1- mee (i) (9 8. ) as required. 

j=0 J 
Based upon the set of generators derived in Theorem 3.3, we will find 
equations for the general form of any unit of finite order in KG whenever 
K is a splitting field for G. We seek an expression of the form: 

u = Tr “fo “il = - g where each k, < [<n>:1] 
aged i— : 
j=0 

The following computational lemma will be required in the derivation of 


the equations. 


Lemma 3.4: Let A = Fx epe, FO (g5)8, .). Then: 


A = cae es DO ape WHCTO MS 5 7 ‘3 ee 


is the Kroneker Delta function. 
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Proof: 

=I n-l 

Cr) (s) 

(). x x 

y, sed (g,)8;) 
n-l 

ENE 
j=0 


-] 
a ae 2 MOCO se, 
j=0 J J 


n-l 
ae (r) (s) 
= 2 (25)8, t. ;>* (8,)858) ee 


Consider the coefficient of Sy for arbitrary k: 


OK = eas + Cao x.) to xO (gt g x's _1) 
= amen) {1 + ete is) +... + cue oe (ey) 
= (Get ior ae) by equation (5) of Appendix A. 


Summing over all group elements yields: 


=" (r) 
= no ae T/(g.)eg. as required. 
*S 350 j j 


th 


Theorem 3.5: Let K = Q(n) (nad root of unity) be a splitting field 


for G, a finite Abelian group. Let coe Bre s: y (a~1) as defined in 


theorem 3.3 be the generators of TU(KG). Then: 


n-l 
a) (ce =l1-(1- n*)/n)- (de, (2) 
j=0 
n-l 
eo ae n/n y" x? (g,) + x? (ye, Cue) 


j=0 


ec) w= (ul Kou OY yr, (y(-1)) kn-1 


n-l1 no-l 
1 - 1/n). { (1 _nkiyy@) (g,)}g. (4) 
j=0 i=0 jos 


(k, Kos eees Ley! = d-1). 
Poot ; 


a) By-induction on k. If k = 1, then the form is just that of ult), 
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Assume the equation is true for k-l. Then: (u(t))k = (y(r))k-1y(r) 


@e@ens 1b ja x) (g 


is 8,) G- am Ja x ate. dg.) 
= 


=0 


k-1 1S (r) = (r) 
(l-n hia ee (8,8. (1-n) Fs (8,)8,) 


n-l 
+ (1-n) (1-nk-1) a2) x) (gg) 
j=0 ay 


the final term being obtained by application of lemma 3.4. 


n-l 
(aK = 2 - Un x) (ede [C-n) + Gen) ~ (1-n) (1-n4)] 
j=0 


n-1 
1 - (1 - nk) /n) | xr) (g )g. as required for part a. 
— J a 


by u)y(s) = a - (1-n) nd x) (8. 8, GL SNe minye XS) (g, 8. ) 
4=0 a=0 


=1- aon ay x) (B De, - ann) ade XS) (B, dg. 


+ cin) P(g, )g » XS) (g, dg. 


By application of lemma 3.4, the final term is zero when r # s, and 

hence by collecting coefficients of each 8, we have the required equation 
for part b. 

c) We shall prove part c by an induction argument on the number of 
generators which are raised to a non-zero power. There is no harm in 
renumbering the generators so that the first t of them are raised toa 
non-zero power while ft) , ... u(M-l) are raised to the zeroth power and 
are hence equal to one. Then if t = 1, the assertion is true by part a. 


Assume part c is true for t-l. Then if 













7 
tel 
_ 7 7 





> 
a 
a 


: ae | re 


i] 
>A 
; 7 . | 
a) . > a» _ ies salle : 


a 7 : 
- 
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= (69) Ko, (ufto1) yke-1(y (0) y Kt 


=(1- ny + (1- nity x (8, DI. ) (ult) Ke 
j=0 i=0 


1 - 1/n = i (1- rit) x) (g 3g) (1 - (enkey jay KO De. ) 


j=0 i=0 V8. 

n-1 t- ( 
=1-1/n), ve ete Dis, - Uinti-n*)x‘")(s,)z,, 

j=0 i=0 = eS 


the Tia tal term being zero by lemma 3.4. Hence 


-1 
=l]- wy iy Gent) St) B, >, as required. 


j=0 i=0 


th 


Corollary: If G is cyclic of order m, and ¢ is a primitive m™ root of 


unity, then parts a, b, and c of the theorem become: 


Gist? )* = 1 = (=n S10, cigs 
not Ge a 
by wu ylS) 2 - Caeny/m) (eTS + c85yQ3 
j=0 
c) u = (ul0)yko,. (y(n-1) ykn-1 
m-l m-l 
a i > 1/m}) { yy (1 - nkiyzij gi 
j=0 i=0 


Proof: Let G be generated by g. Then the characters, \ 2) (gJ) are given 


by x 6") (gi) 


Td, Substitution in the theorem yields the required results. 


Theorem 3.5 completely describes the elements of TU(KG) when K is 
a splitting field for G. In particular, the n elements ut) (i5="0, ...,; n-l) 
are the generators for TU(KG). We next expand the theory to group algebras, 


LG, where L is not a splitting field for G. We will find generators 
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oe a iauielry y (4-1) for TU(LG) and prove that each yf) is of the form 


n-l 
| [cu 65) kj, 
j=0 


Since L is a field, LG is semi-simple, and so is isomorphic to a 
direct sum of simple rings, say: 


®':LG > L @ eee @ i 


0 
Furthermore, these rings, L (r = 0, ..., d-l) are themselves fields. 
As before, we shall denote the minimal splitting field for G containing 
L by K. Clearly LG © KG, and the embedding is simply inclusion. Also, 
we have the isomorphism 

6: KG > kf 

We wish to define an embedding: 
Q: Lo Omen O Lagy K2 which will make the diagram 


S) 


1g) 6 Nn ea 


a 


ee NG 
commute. The embedding must thus satisfy: 
Qed' = o| 10: 
By theorem 3.1, the generators of TU(LG) are given by 


Gl rr Bol, ae = considered as elements of Lo ® ... @L4_}> 


where BS is a primitive root of unity of maximal order contained in L, 


h 


and each component of the rth generator is 1, except for the r*" one. 


-1 
To determine the form of the generators as elements ae in LG, we 


i=0 
must either determine 3 or determine 0, whence 


yee Seo E(Ioeee GB ,1,.1.,1) = > ~ (OC1,.--,8-,1,..-,1)) 





Za 

Now @ is known and was used in the previous work, and it turns out 
to be more straightforward to determine © than %'. This is the course we 
shall follow. 

Higman's theorem 1 (4) shows the form of the direct sum decomposition 
of LG in that both the value of d and the structure of each L. is exhibited. 
In the course of his proof, he also constructs the required embedding 0, 
albiet somewhat obscurely for our purposes. In what follows, we have 
restructured his theorem and proof so as to clearly exhibit the required 
embedding. 

We must work simultaneously in four rings, and the notation is 
not straightforward. It can be simplified and clarified somewhat by 
recasting some previous work in terms of matrices. For any ring R, and 
a finite group G, we may consider an element a = 2 in RG as an 
n-tuple A = (agr--+s a4) in R™, where addition Bienen ic 
addition, and multiplication is a convolution, with the convolution 
rule established by the multiplication table of the group. Let, now, G 
be finite Abelian, and R = K, a splitting field for G. Let 
B= (Bo> -++, B,-3) be the image of a in the direct sum decomposition of 
KG = K®, It is easy to verify that equations (2) of Chapter II may be 
replaced by the matrix equation 


A = B (1/n)X where (5) 


X = ea So eo eee x) (gd 


© e 
e e © 


C) e © 


x) (g,). ce ees ie a 
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Similarly, equations (1) of Chapter II become the matrix equation 

B=AX (6) 
Biare XK is the conjugate transpose of X. 

Now let tT be a permutation of (0, ..., n-l). It is obvious that 
if t is applied to the rows of X and the columns (components) of B in 
equation (5), that the vector A is unchanged. We observe that this fact 
permits the assigment of arbitrary indices to the characters of G so 
long as the corresponding indices are assigned to components of B. 

Let K = L(t) be a minimal splitting field for G containing L. 
Hence % is a primitive mth root of unity (m = exp G). Let G(K/L) be 
the Galois group of automorphisms of K leaving L fixed. The effect of 
any o € G(K/L) on a root of unity of K is to map it to another root of 
unity of the same order. Then if y) is one of the characters of G, 
(x62) is also one of the characters of G. 

Suppose a(x {h)) = oO), We denote the effect of o then, Dy saying 
a) ay (9C4)) | that is, by defining o(i) = j. This notation is 
convenient, but one must be careful to remember that i,j in this case 
are not to be considered as elements of L or K. Indeed, i,j e« z/(n). 

We define a relation, conjugacy, among the characters of G by 
defining yt) to be conjugate to yD ieeipneressceargec G(K/L) such 
that o(i) = j. Clearly, conjugacy is an equivalence relation, and hence 
partitions the class of characters of G into classes which we shall denote 
Co» -*+» Cd-1- (We will show that the number of classes is, in fact, the 


number of fields in the decomposition of LG. In anticipation, then, we 


use d as this common number.) We let c, be the cardinality of C,. 
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Since we are free to index the characters of G at will, we do so 


as follows: 


Let Co be the class containing the trivial character, x(g4) =—t Gis nl) 
and denote it 69) It is trivial that for no o e« G(K/L) does 
o(4)) = x 60) (i=1l,...,n-1) and so oa ie ec Ci be any conjugate class 
other than Co and index any character in CG by fe. If there remain 

(d) ae y6dtey1) | 


unindexed characters in Cy> index them sequentially x : 


Having indexed all the characters in Cosee +9073 let c be any class 


containing unindexed characters. Choose any character in C_ and index it 


; ope 

ae Index the remaining characters in C. by oe cee, yo cme where 
r-l 

j = (d + rc, - 1). Now let Se be the set of indices of characters in Cc. 
i=1 

Sp = {0} 

S} 2 {1,d, ee (d-1) ake ¢,713 

S 


gat WE= Seno aea oad (reps) Heaer (OCMC = tra sean -1)} 


asl 
As a final preparatory remark, for o ¢« G(K/L), Y an arbitrary finite 
- dimensional matrix, Y = (y..-)3 Yuae K; we define o(Y) = (o(y..)). 

ae J ij 
Lemma 3.6: Let a = ), 0484 e KG; B= (85> ree Ba-) = (a). 

i=0 

Then a e¢ LG if and only if for every go ¢ G(K/L), o permutes the components 
of B, OB = TB, where 7 is that permutation satisfying OX = 7X. 


Proof: Suppose a e« LG and write A = (a9> BF Sas, AC D: Since a, € L, 


N= 
(i=0, ..., n-1), g(A) = A. Hence: 


o(A) = A = g(B)o(1/n)g(X). 


By the prior discussion, o(B) = 7(B). 
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Conversely, let o(X) = 1(X) and suppose that g(B) = 7(B). Then: 


1(B)1(X) = BX. 


o (BX) = o(B)o(X) 


Hence o(A) = (1/no(BX) 


(1/n)BX = A. Since g was chosen arbitrarily, we 


have that ola, ) = 4 (i=O, ..., n-l) for every g ¢ G(K/L). Hence 


i 
az eL and a ¢« LG. 


Let cr generate the image of x &F) (r=0, ..., d-1l). Clearly cy 


th 


is anm™ root of unity, and in fact, for at least one r, €, is a primitive 


mth root of unity. For there is a g e€ G whose order is m. Write 


G = <g> x G’ and consider xy:G > K by x(g) » 3 x(g') » 1 (g' € G'). 


Then Im y is generated by ¢ and y is one of the characters of G. tisa 


primitive mh root of unity since g’ has order m. This proves the last 


part of: 


Theorem 3.7 (Higman): Let on eters noe be a complete set of mutually 


inequivalent and with respect to L, non-conjugate characters of G. Then: 


LG =L,@ ... @ Ly) 


and there is an algebra monomorphism 


° Nn. 
0: Ly ® :-- ® bay oz K b Gi 


given as follows: 


= L(é,)) 


1g 


Choose for each 0 < i < n-1, a fixed 1, € G(K/L) such that 


tT; (i) ai att siete Ss. ESO gee tet tz = id. Let A = 00; 5) be 
the d x n matrix of automorphisms hea = id Cyne <S 
J 0 (otherwise) 


Let £ be an n x n diagonal matrix 5 = diag (t5)- Then 


Oe FTCA 


(Observe that the rows and columns of the matrices £ and A are numbered 


from 0) 
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For at least one r, ce is a primitive mth root of unity. 
Proof: ‘We define the following notation: Let by be an element of 
field, and let B, be the vector (b. Diy sees b,) Or length c.—1. 
PeetmetemvectOm (Dye) ..-, bo 1, By, +.., Bay) is defined to be the 
juxtaposition of the vectors (dos -e+, bg_}) with the vectors By, 
Now let (bq; eee baa € Ka Then 
n 
he (bo; © 6s Day? Lica (bg, a Da_y> Bis ce eg Bay) Gtk. us 
d n 

clearly then A ¢ Homy ik seh) and 4s a monomorphism. 


ae 
Similarity, it is clear that » € Hom,(K ,K ). To show that each are 


Sea 


algebra homomorphisms it is necessary to verify only the preservation of 


d 
mine multiplication. Let (bo LA ee bap and (ba Bene Sis bi-p ae 


' 1 1 
ee. Dew, .. ab.) 


— M(b obo» eeey ba_yba_y) 
bas 1 1 1 
(bobo, eetesig bap g_1> BiB; oni Ba 84-1) 
= ; 1 ' ' nt 
= (bos es bay Bys tees B yz) ya teenie bai » Bos--+s Bay 


a Mba; Seas Pye bo: etn, Dasa) 
Similarly, let (by, ..., b_,) and (bj, ..., b’_,;)e K. Then 
t { 
Be ee) (a aes b's) 
a E(boba; Saale {5 joes fs aie 
(b 


= (ty body)» ceeg T )) 


1 
n-l Tee eal 


= (tH (bo) TQ (bq) $ 9 8 ty oy Tesi bie ho) 
es (t (by) 9 See y ee | Oe (1), (b¢) 9 sees ed (b)_1)? 


= q { 
Zz Z(Dq s eeeg eee E(bas ee ey b D: 


1 gag 


bet. > Yok. Then O is an algebra homomorphism 


ees Ke 


and is clearly a monomorphism. It remains to show that LG > Lig a. 


Then 


“d-1' 
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n-1 

Let a= ) a8, ¢ LG CKG and let 
i=0 


g(a) = (89> yon Ba-1) = B 


Now since a, € L and x) (g,) = a for some integer k, it is clear that 


Bs € L(E;) for each i < n-l. By lemma 3.6, o ¢ G(K/L) permutes the 
components of B. We fix an index, i, and consider: 
n-1 Cae 
8, = 2, asx (g;). Then 


Sin Scone 
eee oy aay (85) 


jet | 
© tO) (gy) 


j=0 
(4) 


and since x e ce for some r < d-l, it follows that 


= JL = =i —~ pte 
Ty (8) = B.: Hence © (B) = B' = (Bo> ves Bap Bys sees Bye) 
Furthermore, since Im x (4) = Im me By and By © L(E_)- 
Hence 57! (9(a)) ¢ A (Lg ® ... ® Lg_y)- 


Conversely, let D = (Dys--+s by_-) € LE) ® ... ® L(é 4-1) 


Then A(D) = (bos er ba-1? By> ae B-D eK". Now 
EQ (D)) = Gay, ---> 8.1) where 8. = jb, (i < d-1) 
: ae : eee (Qos a). a=1) 


=| ae 
Let o ¢€ G(K/L) and suppose that o(i) = j. Now oF, i.) er, 
=] 
v4 (j) = s where r,s < d-l; by our definition of the Ty. 
Sy ¥ 
Consider Us OT, € G(K/L). Obviously t tot, (r) = s, and so y(t) is conjugate 


(s) 


; -—1 
to y - Since r,s < d-l we have r = s. But tr. OT. leaves L fixed, and 


J 
(r) o <E,> fixed, hence leaves L(é.) fixed. Since b. E€ L(é,); then, 


Im x 
ty OTy(b,) = b, and so ot, (b_) = T,(b,)- 

But Tt, (b,) = By 3 ty (b,) - B 4 and so o(8,) = By: Thus o permutes components 

of IA(D) « K®. By lemma 3.6, then, o~l5A(D) ec LG. 


Hence we have shown a 1-1 correspondence between 


. 


Pu 
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elements of LG and elements of L(E9) @ ... ® L(&4_1)- By the discussion 


th 


preceding the theorem each er is ant root of unity and at least one 


Siethe bis primitive. 


Theorem 3.7 enables us to compute the generators of TU(LG). Let 6 
be a root of unity of minimal even order s, which generates all roots 
of unity contained in L. Let f, as usual be a primitive mt} root of unity, 
and let n be a primitive root of unity of order t = LCM(m,s). Then K = L(n) 
is a minimal splitting field for G containing L. In the following, we 
retain the notation introduced in theorem 3./7. 
Theorem 3.8: Let L be a field, G an Abelian group of order n; and let 
K = L(n), be the minimal splitting field of G containing L. Let 


(0) | 


meres x 6d-1) be the complete set of non-conjugate characters of G 


(d) 


X 


with respect to L, and let x ees ey be the remaining characters 


of G. Let u(t), (i=0, ..., n-l) be the generators of TU(KG). Then the 


generators y &F) (r=0, ..., d-1) of TU(LG) are given by: 
mc) ea CORD 
ieS, 


where k; is determined as follows: If LG = L (E5) +... + (E54): 


cy = nkr and T. chosen as in theorem 3.7, then for oan) e ee 


ki 
Cates) =n, 
EGOOL 3 By theorems 3.1 and 3.7 we know that if v(t) | r= 0, 


are the generators of TU(LG); 


6! (y 6X) 


0 
o! ee ) a (E9> Le © 229 6) 


) € L(Ep) + -.- + L(E4_ 1), and 
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Ge yeCle, 1am. ., 1) 
d-l 
Pe NL, 22.5 Ae 
where each a is of even order. Since ae 2 K = L(y) and so ce = nkr 
for some integer k, we can in fact write: 


3° (y‘")) — eG op eee ot Wy eee 1) Where ake ie} aig) Selave se 


1 


th 


ees 


component. Now © et (v'™) 5 o(v*)) and hence vy) =6° 09 o'( 


and we need only calculate e+ 6 or(y iF)», 


Kr 


Let vee o'(y6T)) =e ere ces oo oes 1) Then 


kr 


A(v,) = (Bos ere B4-D where Ss Pat cin f Se» and 8. S55) ieee SE and 


oo'(v'T)) = sa(v ) = (1.(8_), «20, t .(B .) 
r 0 O 


n-l n-l 
n-l 
- Ta, Shee ty Te(h) seer 


where tT; (8;) = Ob), = lwesise ai oye S-3 
kr 


B. =n iG ieS. and i < d-l 
t,(nkt) = nl if ieS and io d. 
Ky 


Clearly, if i >d, then n is a root of unity of the same order as 


nkr when i ¢€ Se 


(r) 
Thus, @6' (v ) = | | Cli awe ets ieee 1, .-., l) where ae is in 
icS, 


the ifh component and all other components are equal to l. But by theorems 


3.1 and 3.5, 


ki 


eta, Se (ies rr a (a) yk where u‘1) is a generator of 


TU(KG). Hence 


vit) = lost) 2 | | a @ yk, 
ieS. 
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An application will serve to make concrete the results of this 
chapter. Let G be the direct product of the cyclic groups of order 3 
and of order 22 = 4; Ge Cz x Cy. Although G is itself cyclic, we 
compute the characters of G from those of C3 and Cy, for illustration. 
In the computation we have indexed the characters according to the scheme 
outlined previously. Let C3 = <h>. Then its characters are: 
x (9): in eA al (where § is a cube root of unity) 
y Yeh > 8 6¢§ 
x (2): te 52 
LE Cy, = <k>, then its characters are: 
x1 (9), k » 1 (where © is a fourth root of unity) 
yr), k » @ 
yi (2), k » 9? 
yi Fs » 0 
Now exp G = 12, which is even, so let n be a primitive 12h yoot 
of unity. Then 6 = no and 9 = n>. The characters of G are found by taking 
all possible products of the characters of C3 with the characters of Cy. 
The computed values of the characters of G are listed in table l. 
Let us find the generators of TU(QG). The minimal splitting field for 
G containing Q is C(n) = K and the automorphisms in G(K/Q) are listed in 
table 2. To read this table, find the exponent k of n in the first row. 
The exponent of a, (nk) is found at the intersection of the i+1S¢ and the 


k+15© column. 


7 
* 
had 
! 
fo a 
- = 
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7 S OT L IT T 
7 9 v) OT C OT 
V7] 6 OT T G i 
7 0 Vy) 7 8 t 
8 t c TT (e C 
8 9 8 c OT Z 
8 6 C G 20 IT 
8 0 8 8 7 8 
0 € 9 3 E 6 
0 9 0 5) 9 9 
0 6 9 6 6 € 
0 0 0 0 0 0 


x x x x x x 


(6 t W) 9 cl 
2 8 6 G S 
0 8 9 8 C 
9 8 t @ IT 
0 8 0 8 8 
9 7 6 OT il 
0 7 9 Vy) OT 
9 7 b OT fe 
0 7 0 Vy] 7 
9 0 6 Si 6 
0 0 9 0 9 
9 0 t 9 € 
0 0 0 0 0 
X X X X X 


(S) (7) (€) (Z) (T) 


"5 x 9 = 9 YOd (U JO SINYNOdXS) SANIVA YALOVUVHO 


T dTave 


~* 


(0) 


dado 


(cA6 74) 
(74°24) 
(474) 
(2* 54) 
(o4°4) 
(74°) 
(4°4) 
(9°4) 
(64°?) 
(74°?) 
(4*2) 
(a*9) 


jusweTa 
dnoiy 





at 
TABLE 2 


THE AUTOMORPHISMS OF G(Q(n)/Q) 


O 0 1 2 3 4 5 6 7 8 2 10 
oO, 0 5 10 3 8 1 6 da 4 9 2 
oP) 0 7 2 9 4 11 6 it 8 3 10 
03 0 Ei 10 9 8 7 6 5 4 3 2 

It is a trivial verification that: 
eee exo} 
Cc, = {x(1) x6) = o x(2)) x¥(7) = o xQ@), (8) = o xQ)} 

@) 9) @) ; : 

Co = {x “» x = 9.x } 
C, = {y@3), (10) = ee 
c, = (x4), yAD 2g 64} 
C. = {0} 
and that Co = 1, So = {0}; c, = 4, S; = {ILA (an aidan Cc, * Des 
Sy = {2,9}; c, = 2, S3 = {35 lon es S, =e, and Sip ole Ss 
Furthermore, Image 6% = <-]> = Image phe Image yo) = <n>; Image 
x2) = <n?>; Image x9) = <n>; and Image St) = Baek 


_ Hence QG = Q ® Q(n) ® Q(n2) ® Q(n3) ® Q(n4) ® Q, and there are six 
generators of TU(QG): 


e'(v)) = (46 904.9,1,1,) 


e*(v{)) = (1,n,1,1,1,1) 

o'(v€2)) = (7.4. 7,1,1,1) 
o'(v63)) = (1,1,1,n3,1,1) 
o'(v{4)) = (1,1,1,1,n4,1) 
ot(v)) = (1,1,1,1,1,n9) 


jail 


= Abie 





Bz 
Application of 9 to each st (y(T)) yields: 


SeG eee. 1, 1.1,1,1,1) 


Vg > 
v= (1,n,1,1,1,1,n°.n/,n1,1,1,1) 
Vo = Geen ee eee) 
= 3 3 
Vmod dsl, 1,1, 51) 
v, = ( 4 8 
Peed dene ted, 121, 12m) 


VeeomGin) 1,11, 21,1,L,1,1,1) 


and it is immediate that the generators of TU(QG) are: 


69) = (6056 
OD 2 ADs KONO LOD nee! 
Oe 22), 10 

LOD ED CONE 

V4) 2 (64) 4(y(11) 8 

6) = @(6))6 





APPENDIX A 
RESULTS FROM GROUP REPRESENTATION THEORY 

In this appendix are collected various definitions and results 
from the theory of group representations which are used in the work of 
the paper. The theorems on group representations miy be found in Curtis 
and Reiner (2). The discussion of group characters follows van der 
Waerden (7). In order to simplify the presentation, some theorems are 
proved in this appendix only for the case of finite Abelian groups; 


these theorems are applicable in greater generality. 
GROUP REPRESENTATIONS 


Definition: Let G be a group and M a finite dimensional vector 
Space over a field K. A representation of G with representation space M 
is a homomorphism [f:G > GL(M), where GL(M) is the group of units of 
Hom, (M,M). Two representations [f and [' with representation spaces M 
‘and M', respectively, are called equivalent if there is a K-isomorphism 
S:M +> M" such that [f'(g)S = SF(g), that is, ['(g)S(m) = S(I(g)m) for 
every g in G, and m in M. 

Definition: Let A be an algebra, finite dimensional over K. A 
representation of A with representation space M is an algebra homomorphism 
f:A + Homy(M,M) that is, a mapping [ which satisfies: 

[T(atb) =[ (a) +P (b); (ab) = T(a)T(b); 


T(aa) = a(Ta); T(e) = 1 a,b ce A; ae K 
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Two algebra representations [ and [' with representation spaces 
M and M' respectively, are called equivalent if there exists a K- 
isomorphism S:M + M' such that ['(a)S = Sf'(a), aeA. It is readily 


verified that KG is an algebra over K. 


Theorem A.1: Every representation I of G with representation space M 

can be extended uniquely to a representation I* of KG with representation 
space M. Conversely, every representation I'* of KG yields a unique 
representation of G. 


Proof: Given I:G > GL(M), let 


Tx ae = Gut a ¢€ K3 eG 
Qoa,s) = Lia,T(s) ge ks 8 


Since GL(M) ¢ Hom,, (M,M) and Hom, (M,M) is an algebra over K 
Yea P(g)e Hom, (M,M) . Preservation of addition and scalar multiplication 


are trivially checked. Consider 
Mie Qoa,s) 8.8) = re Quads o,B,-158) 
~ t o, 8-1) (8) 
-Qe,te 8 (8) 
red, a8) reQ. 88) 


Conversely, given f%, let [f = [*(l°g), geG. 


Uniqueness of both constructions is obvious. 


Definition: Let N be a K~subspace of a representation space M, 


and let T:G + GL(M). N is called a G-subspace of M if [(g)n e€ N for 


every g eG; neuN. 
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Kellan bt weederine T;(g) = P(g) In for every g ¢ G, then 7,):G + GL(N). 
Definition: Let T:G + GL(M) and [*:KG + Homy(M,M) be its corresponding 
representation of KG. We call a K-subspace N of M a KG~-subspace if 
T*(a)N CN for every a € KG. Clearly N is a KG-subspace if and only if N 
is a G~subspace. 

Definition: Let G be a group and M an additive Abelian group. The 
group M is called a left G-module if for each g ¢« G3; me M, a product gm 
is defined such that 

g(mtm') = gmtgm'; (gg')m = g(g'm); em =m 
for every g,g' € G3; m,m' ¢€ M. 
Theorem A.2: Let KG be the group algebra of a finite group over a field 
K. Then there is a 1-1 correspondence between the K-representations of 
G and the left KG-modules M. Two left KG-modules are isomorphic if and 
only if the corresponding representations are equivalent. 
Proof: Let T:KG > Homy (M,M) and for each ace KG; me M, define am = [(a)m. 
Then clearly: 

a(mtm') = amtam'; (ata')m = amta'm; (aa')m = a(a'm); 

em =m; (aa)m = a(am) = a(am) a,a'cKG; m,m'eM; aecK 
Thus T has made M into a left KG-module. 

Conversely, let M be a K-subspace which is a left KG-module. 
For each a ¢€ KG, define: 

Tr(a): M > M by [(a)m = am 


Then it is readily checked that [T is a representation of KG. 


Definition: A KG-module M (# (0)) is called irreducible if M 


contains no non-trivial submodules, otherwise it is called reducible. 
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It is indecomposable if it is impossible to express M as a direct sum 
of two non-trivial submodules, and is called completely reducible if 
every submodule of M is a direct summand, that is, for every submodule 
N of M, there is an N' such that M=N@6@N'. KG representations are 
called irreducible, reducible, indecomposable, and completely reducible 
according as to their corresponding KG modules. 

Let L be an extension field of K and let A be an algebra over K. 


Then if [ is a K-representation of A, it is obviously an L-representation 


of A. Let AL be the L-linear combinations y1zay of the elements of A. 
Then AL is an algebra and [ may be extended to an L-representation of AL 
by setting: 

r(), lya,) = Jo14P (az). 
Definition: Let A be a K-algebra and V an irreducible A module. We 


call V absolutely irreducible if vi is an irreducible AL- module for 
every extension field L of K. 

Definition: An extension field L of K is called a splitting field for 
G if every irreducible KG module is absolutely irreducible. 

Definition: A ring has the minimum condition if it satisfies the 
descending chain condition (D.C.C.) on left ideals, that is, if every 
chain of left ideals 1? I, >... terminates in the —— that there 
is a j such that I, = el = Ses 
Theorem A.3.(Maschke): Let [T:G + GL(M) be a representation of a finite 


group G by linear transformations on a vector space M over a field K, 


and assume that char (K) { [G:l]. Then lf is completely reducible. 





\ 


ihe 
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Theorem A.4: Every algebra A, finite dimensional over K has the minimum 
condition. 
Proof: For aeK andbeA, 

ab = a(1)b, and 

(al)b = a(1lb) = a(bl) = b(al), (2) 
Hence the set of elements Kp = {al:acK} is contained in the center of A 


and is a field isomorphic to K. We identify K and K Then (2) shows 


O° 
that every left, right, or two-sided ideal in the ring A is also a 
K-subspace of the vector space A. Since the subspaces of a finite 


dimensional vector space satisfy the D.C.C., it follows that the left 


ideals of A do also. 


Definition: A ring is said to be semi-simple if it satisfies 
the minimum condition, and if Rad R = (0), where Rad R is the sum of 
all nilpotent left ideals I of R, that is, all left eee I for which 
™ = (0) for some m. A ring is simple if it contains no non-trivial two- 
sided ideals. 
Theorem A.5: A ring R which satisfies the minimum condition is semi- 
simple if and only if every R-module is completely reducible. 


Proof: See Curtis and Reiner (2) pp 164-6. 


Theorem A.6: Let G be a finite group and K a field such that char K 
T[G:1)]. Then KG is semi-simple. 
Proof: This is immediate from Maschke's theorem (A.3) together with 


theorems A.4 and A.5. 
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Theorem A.7: Let R be a semi-simple ring, and let L be a minimal left 
ideal of R. The sum B, of all the minimal left ideals of R which are 
isomorphic to L is a simple ring, and a two-sided ideal of R. Furthermore, 
R is the direct sum of all the ideals BL obtained by letting L range 
over a full set of non-isomorphic minimal left ideals of R. 


Proof: See (2) Theorem 25.15. 


Theorem A.8 (Wedderburn): Let A be a simple ring with minimum condition. 
then A = Homy (M, M) for some finite dimensional right vector space M over 
a Skew-field D. The dimension (M:D) and the skewfield D are uniquely 


determined by A. 


We next determine an upper bound on the number of irreducible 
representations of KG. Let K be a field, A an algebra over K with unity 
element. Let M be a left-A-module. Then M is a vector space over K if 
we define: 

an = (al,)m aekK;meM 
and assume that (M:K) is finite. 

For each a€ A, let aj: m * am meM. Then ay € Homy(M,M), and 


the map a + a, is a homomorphism of A onto A, = {ay :ae A} 


Now A, is a subalgebra of Hom, (M,M). M can be viewed as a left A. module, 


L 
and the subspaces of M which are A-submodules are precisely the same as 


the subspaces which are A, ~Submodules. 


Ay is a finite dimensional algebra over K even when A is not, and M 


is a faithful A; module, that is, no non-zero element of A, annihilates M. 





le! 
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Consider D = Homa(M,M). In (2) p 180 it is shown that DC Homy (M,M) 
and is a subalgebra of Homy (M,M). Hence (D:K) < (M:K)2. 
Theorem A.9 (Schur's Lemma): Let A be a finite dimensional algebra over 
an algebraically closed field K, and let M, N be irreducible A-modules. 


Then Homa (M,N) = (0) if M and N are not isomorphic, whereas Homa (M,M) = K-ly- 


Let A be a semi~simple algebra which is finite dimensional over K as 
a vector space. Then all left, right, and two-sided ideals of A are 
K-subspaces of A. Let My, -+-> My be a full set of non-isomorphic left 
ideals of A; each M; is then a finite dimensional vector space over K. 
Let p‘t) = Hom, (Mj »Mj)- Let A; denote the simple component of A containing 
My. Then M; is a faithful irreducible A; module and 


A; = Homp (1) (M, Ms) ° 

e (i) (i) e e e e e 

Define u; = (My:D ). Then A; = Dawe 2 full matrix ring over the division 
i 


algebra p(i), My isea dimect sum of uw, copies of M.-: 


7 p 62) 
Uj 


A=A;®...@ A, As 


and M; may be taken to be a minimal left ideal in the simple ring A;- It 


is shown in (2) p 185 that 


n 


(A:K) = byw? wp rk). 


If K is algebraically closed it follows from Schur's Lemma that each pi) 
coincides with K so 


A=A,®...@A, A; * Kas? u, = (M,:K). 


Furthermore, M; occurs with multiplicity u, in the decomposition of 


A into a direct sum of minimal left ideals. 










oe i” = . 


oe ee 
oe 7 


a 7 
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Let [G:)} = n, and let K be algebraically closed. Let M), ---, M, 
be a full set of non-isomorphic KG-modules. Then KG = Aj 6... ® A)» 
where the A; are the simple components of KG and A; = Ruy with u; = (M;:K). 
Also KG contains uj; copies of My in its decomposition into minimal left 
ideals. Hence 
we 
[G:1] = dD since KG has K-dimension [G:1]. 
Theorem A 10: Let Gtea finite group and K an algebraically closed 


field such that char K ] [G:1]. Then the number of non-isomorphic 


irreducible left KG-modules is the same as the number of conjugate classes 

of G. 

Proof: Since the rings A; annihilate each other we have 
ConrenekGe-s(Center A,) © .-.°@ (center A,). 

Now A; = Sng and since the only matrices which commute with all matrices 

in the full matrix ring ute are scalar multiples of the identity matrix, 


(center A, ?K) =] 


Hence n = ((center KG):K). Let Gy; shoves Ge denote the conjugate classes 
ef G and@defime c; = ee The following theorem yields s = n, and proves 
geGi 


our required result: 
Theorem A.l1l: Let K be an arbitrary field. The elements c; form a K-basis 
for center KG. 


Proof: c,; € center KG since for every he G, 


it 


he ht = d heh = B40 
gevl 


ico are clearly linearly independent since each g is an element of the 
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sum of only one cy: For eachen « G; 


= =) = ; 
do98 = y = hyh be )ja,heh from which t.-leh foo te = G 


Then as Ge whenever g, g’ are in the same conjugate class. This 
shows that y is a K-linear combination of the c,- 

NOTE: When K is not algebraically closed, the above two theorems 
still yield that the number of non-isomorphic irreducible left KG- 
modules is less than or equal to the number of conjugate classes of G. 
Then the equivalence of KG-modules and representations establishes the 


desired upper bound on the number of irreducible representations of KG. 
GROUP CHARACTERS 


The results of this section are taken from van der Waerden (7). 
The results are applicable only to finite Abelian groups, and are used 
in the paper only in that context. A more general development of the 
theory of group characters can be found in (2) Chapter V. 

Let G be a group and K a field. A character of GinK isa 
homomorphism x:G > K*, where K* is the multiplicative group of K. 

Let G be cyclic of order n, say G = <a>. Let yx(a) = &. 
. Then g € G implies that g = aJ for some j < n-1, and so X(g) = tJ. Since 


th 


a" = e, we must have that 6 = 1, showing that ¢ is an n™ root of unity. 


Now if K contains all nth roots of unity and char K LG 1d, then there 


th Boot of unity, It is 


is a character xy:a ~*> ¢ where ¢ is a primitive n 
easy to see that all characters of G must be a power (j=0, ..., n-1) 


xJ of x and that the set of characters of G {xJ: j=0, ..., n-1l} forms 


a cyclic group of order n, and hence isomorphic to G. 


Sm, 





* 
+ az Vee a) > 





| GS, & Thee we awe 


cs S&S (Se -er ls “Cid GR. , 


eat) .e seh yrs ait 
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Now let G= H, x ... x Hy be the direct product, of s cyclic groups 
th 
H; of orders nj. Let tj be primitive n, roots of unity. Let H, = <a,>- 
th 
If x is a character of G, then x(a;) is ann; root of unity for each i, 


k 
and therefore, x(a;) = C,i for some k,- But since g € G implies that 


g = ajl...a7s we have that x(g) x(az})...x (acs) 
KZ KsZs 


Gy1 1...8, 


Now each k; may take any of the numbers Q, ..., n,-l for its value, 
and for each value we obtain a different character. Hence there are 
n = Tn; distinct characters of G, each taking values in a field containing 
a primitive root of unity of order LCM(n,, masta bee this is exactly 
exp G. The character group is thus a direct product of cyclic groups of 
orders Ny> e2+9 Mg» and so is isomorphic to G. By the Fundamental Theorem 
of Abelian Groups, every Abelian group is isomorphic to the direct product 
of cyclic groups. We have thus shown that: 


Theorem A.12: Let G be a finite Abelian Group, G = H, x... x Hg- Then 


the character group of G is isomorphic to G, and any character of G is the 
product of s characters one from each of the character groups of 
Ped = by wey Se 

If ¢ is any nth root of unity, it is well known that 


1+t+t r2 +...+ pn-l =J0 (51) 
{a (C = 1) 


From this follows immediately the following relations, known as the 


orthogonality relations of characters: 


>, a) = n (a=e) (3) 
k QO (a#e) 
); X,, a) = : (k=0) (4) 
2 O (k#0) 


Ys xX; (a) xp (0) = Jn  (a=b71) 
k QO (otherwise) (5) 
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| 
as) 


v X, (a)x. (a) = Gea) (6) 
a J 0 (otherwise) 
n (a=b) (7) 
0 (otherwise) 


ds x (a) x, (b) 
k : 2 


Now let K be a field containing Cy» seer Sg and G be an Abelian 
group. Consider the 1l-dimensional representations of KG; [T:G > Hom, (K, K) = K, 
Evidently, each character of G may be identified with a one-dimensional 
representation and we have shown that G has [G:1] distinct characters. 


Since G is Abelian, the number of conjugate classes of G is also [G:1]. 
SPLITTING FIELDS FOR ABELIAN GROUPS 


Theorem A.13: Let [G:1] = n; exp G = m, and f be a primitive mth root of 
unity. Then K = Q(t) is a splitting field for G when G is Abelian. 
Proof: All characters of G take their values in K. Since a character is 
identified with each one-dimensional representation of KG, there are n 
distinct one dimensional KG-representations and hence n distinct 
non-isomorphic irreducible KG-modules. By theorem A.9, and the remarks 
following it, the n non-isomorphic irreducible KG-modules have dimension 
1 over K, and a complete set of one-dimensional representations has been 
obtained. Since for any extension field L > K, the module extensions 

are irreducible as LG modules, they are absolutely irreducible, and hence 


K is a splitting field by definition. 


Theorem A.14: An extension field of a splitting field is a splitting 
field. 


Proof: See (2) theorem 29.21. 


+ | 





44 


Vecerepe@amsplrrringstteld for G, [G:l)] =n. Then KG = K"™. Write 


a 
A = 3 a;84 7 (Bo> cory Bod 3 ue 
0 


Theorem A.15: Let K be a splitting field of characteristic zero for G, 
a finite Abelian group. Let Ze be a minimal ideal in the simple component 
A, of KG. Then A, = SEI. for a uniquely determined idempotent c in KG 


and 


_1n-} —— 
c, = [G:1] Lx) ena 


where x) is the character afforded by oe 


Proof: Let KG = Ay On. @ Al-1 be the direct sum decomposition of KG 


into simple components and 1 = Co creiercuey Co-1 be the corresponding 


decomposition of 1 as a sum of idempotents. Then C. annihilates Ay for 
k # j and is the identity element for A, This proves that 


- (Z;) — : 
Z, €e3) = 6.,1 where the underscore denotes a matrix; Z, is the 
matrix representation afforded by y 6) ; and z, = (A, :K). 


On the other hand, each g; is a K-linear combination of the Ci: Since 


Z;. (24) = x (5) 7 @b) (see (2) p 235) 
oe 


it follows that 


Fx) (95) 
gi =), CK Oe sn 1 


k=0 “k 
But (A,:K) = 1 = Z,, and hence 


(6117), x') (ey)eg = {G:1)* dy x9) (g,) ye) (g3) cy 


=) 55K Ck 
k 


as required. 


ys 
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n-l n-1 
Corollary: Let A € KG, A = 2484 = Sok: Then 
n-] 
ae i) 
a, = [G:1] 1 y Wee (g.) j=0, ..., n-l (8) 
j i j 
i=0 
and 
n-l 
B. = dsaxe (ey) k=O ...ageeni— L (9) 


Proof: Immediate by substituting values for the g. and the ch and 


equating coefficients. 





INDEX OF NOTATION 


This index lists letters and symbols with fixed useage throughout 


the paper. 


followed by 


Cn 
1J 


Arrangement is by Roman letters, then Greek letters alphabetically; 


expressions and symbols. 


The set of characters of G which are conjugate to Ne 
The cardinality of C.- 

The field of rational numbers. 

The set of indices of characters in C; - 

A generator of TU(KG) where K is a splitting field for G. 


A generator of TU(LG) where L is not a splitting field for G. 


The ring of rational integers. 


A representation of a group, G. oe denotes the value of oe) 
at g.. 
= 
The Kroneker delta function; §., = Jl (i=j) 
1J Gy 
0 (i#j) 


th 


A primitive m~" root of unity where m = exp G. 


A primitive root of unity of even order. Q(n) is the largest 
cyclotomic extension of Q contained in a given splitting field 


ForoG. 


The monomorphism 9: kK? + Kk" by which LG ~ Ly ® --- ® Lg-} 
is embedded in KG = K™. 9g =5 A 


The monomorphism A: Kd ee given by the matrix (Ay 4)3 
hij = id if ye C.. 


The isomorphism £: K"™ + Kn given by the matrix diag (1;). 
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ee 





exp G 


G(K/L) 


GL(M) 
im f£ 


TU(RG) 
[G:1] 


< > 


>| 


(M:N) 
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The automorphisn, ty € G(K/L) for which ty (1) =r L < S.- 
The isomorphism 9: KG * kK" where K is a splitting field 
for G. 


The isomorphism ¢: LG + L, ®... ® Lg_y where L is not a 
splitting field for G. 


The exponent of G, the order of the element of G with maximal 
order. 


The Galois group of automorphisms of K leaving L fixed. 


The general linear group of a vector space M. GL(M) is the 
group of invertible transformations in Hom, (M,M). 


The set of values of a function f£, contained in the codomain 
Or fs 


The torsion subgroup of the group of units of a group ring. 
The order of the group G. 

The absolute value function; also, the cardinality of a set. 
The group generated by the elements listed within the brackets. 


The complex conjugate of a number or a complex valued function. 
If y is a character of G then xX = x ~. 


is a divisor of, as in a |b. 
is not a divisor of, as in afb. 
The dimension of M over N as vector spaces. 


Direct sum 
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